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The anisotropic self-diffusion in ferrofluids in the presence of a magnetic field is studied by Brownian
dynamics simulations. It is found that the diffusion parallel to the magnetic field is hindered when compared to
the case without field. Depending on the strength of dipolar interactions, the diffusion perpendicular to the
applied field is either enhanced or hindered due to the field. The average diffusion coefficient is found to
decrease with increasing concentration and dipolar interaction strength, but to be independent of the magnetic
field strength for moderate dipolar interactions. Comparison to mean-field models show agreement for mod-
erate dipolar interaction strengths but significant deviations in the regime of strong dipolar interactions.
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I. INTRODUCTION

Colloidal suspensions of nanosized magnetic particles, so-
called ferrofluids, have attracted considerable attention in re-
cent years since their physical properties can be manipulated
by an external magnetic field �1�. While anisotropic, field-
dependent gradient diffusion in ferrofluids has been observed
in recent experiments �2,3� and studied theoretically in
�4–6�, self- �or tracer� diffusion in ferrofluids has been less
studied. Experimental and numerical results on self-diffusion
in a quasi-two-dimensional ferrofluid are reported in �7�. A
hydrodynamic theory of self-diffusion in ferrofluids is pre-
sented in �8,9�. However, the effect of a magnetic field on the
self-diffusion coefficients has not been investigated in these
works.

In the present study, we perform extensive Brownian dy-
namics �BD� simulations of a monodisperse model ferrofluid
in order to study the effect of a magnetic field on the coef-
ficients of self-diffusion. Different concentrations and dipolar
interaction strengths are considered. The simulation results
clearly show anisotropic self-diffusion in the presence of a
magnetic field. The field dependence of the self-diffusion
coefficients can be interpreted within a mean-field model.
Similarities with gradient diffusion coefficients are dis-
cussed.

The paper is organized as follows: in Sec. II, the model
system is introduced. In Sec. III, the predictions of simplified
mean-field models are given. The simulation results are pre-
sented in Sec. IV, together with a comparison to the mean-
field predictions. Finally, some conclusions are offered in
Sec. V.

II. MODEL SYSTEM

Let us consider a system of N identical, spherical, Brown-
ian particles of diameter dc in a cubic simulation box of

volume V. It is assumed, that the particles are ferromagnetic
hard, monodomain particles with an embedded point dipole
of strength m. The magnetic volume fraction occupied by the
particles is �=n�dc

3 /6, where n=N /V is the number density.
If ri and ui denote the position and orientation of the mag-
netic dipole of particle i, respectively, the total interaction
potential in the presence of a homogeneous internal magnetic
field H is given by

�tot =
1

2�
i�j

��s�rij� + �dd�rij,ui,u j�� − kBTh�
i

ui · Ĥ ,

�1�

where rij =ri−r j, rij = �rij� is the distance between particles i

and j, Ĥ=H / �H� denotes the direction of the magnetic field
and h=�0m�H� / �kBT� is the Langevin parameter. The dipolar
interaction potential is given by

�dd�r,u,u�� = − 3kBT�	dc

r

3

u · 	r̂r̂ −
1

3
1
 · u�, �2�

where r= �r� is the distance between the particles, r̂=r /r de-
notes the unit vector and

� =
�0m2

4�kBTdc
3 �3�

is the dimensionless dipolar interaction parameter. In order to
prevent permanent agglomeration due to van der Waals
forces, the ferromagnetic particles are covered with a poly-
meric shell �10�. According to Rosensweig �10�, the resulting
steric repulsion between two particles can approximately be
described by the repulsive potential

�s�r� = NpkBT�1 +
1

t
−

r

2�
�ln	1 + t

r/dc

 + 1� �4�

for dc�r�dc+2� and �s�r�=0 else. Here, � denotes the
length and Np the number of adsorbed polymeric molecules
on the surface of a particle and t=2� /dc. It is assumed that
the polymeric shell prevents permanent agglomeration of the
particles. Thus, Np is chosen large enough so that van der
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Waals interactions can be neglected. As was done in a pre-
vious work �11�, we assume that the system is surrounded by
a homogeneous medium with infinite magnetic permeability.
These metallic boundary conditions ensure that the applied
external field is identical to the internal field H.

A. Equations of motion

Friction forces due to the solvent lead to an overdamped
translational and orientational motion of the ferromagnetic
particles. The resulting Brownian dynamics is described by
the Langevin type equations of motion �12�

dri =
1

	
Fidt +�2kBT

	
dWi, �5�

where Fi=−��tot /�ri is the total force acting on particle i
with �tot from Eq. �1�. Similarly, for the orientational motion

dui = � 1

	r
Nidt +�2kBT

	r
dWi� 
 ui, �6�

where Ni=−Li�
tot, Li=ui
� /�ui, is the total torque on par-

ticle i due to dipolar interactions and the external field H. In
Eqs. �5� and �6�, the translational and rotational friction co-
efficients 	 and 	r have been introduced. For hard spheres of
diameter d in a solvent with viscosity �, these friction coef-
ficients are given by 	=3��d and 	r=��d3. For a general,
continuous interaction potential �s�r�, an equivalent
hard sphere diameter d is defined by dHS=�0

�dr�1
−exp�−�s�r��� based on the virial equation of state �13�.

The random forces due to the solvent are modeled with
the help of independent Wiener processes W �Gaussian ran-
dom variables� with zero mean �Wi�t��=0 and variance
�Wi�t�W j�t���=1�ijmin�t , t�� �12�. Thus, the present model
corresponds to the so-called free-draining limit, where hy-
drodynamic interactions between the particles are neglected.
In general, the contribution of hydrodynamic interactions to
diffusion coefficients is significant �see �7� for the influence
of hydrodynamic interactions in quasi-two-dimensional fer-
rofluids�. One might speculate that their influence on the an-
isotropy of the diffusion might be much weaker. In any case,
we believe that it is helpful to separate different contribu-
tions and study here the dynamics of the interacting many-
particle system in the absence of hydrodynamic interactions.
In a similar spirit, the theoretical approach proposed in �8,9�
neglects hydrodynamic interactions.

B. Self-diffusion coefficients

Coefficients of self-diffusion �sometimes also called
tracer diffusion� are defined with the help of the mean-square
displacement of a tagged particle in a sea of like particles by

lim
t→�

��r��t��r�t�� = 2D� t , �7�

with �r��t��r��t�−r��0� the Cartesian component of the
displacement at time t �14�. The coefficients D�, �
� �x ,y ,z�, quantify diffusion parallel to the x ,y, and z axes.
The average is performed over the ensemble of realizations.

The coefficients D� can be evaluated with the solution tra-
jectories of Eqs. �5� and �6�. In the absence of particle inter-
actions, Eq. �5� is solved by r j�t�=r j�0�+�2kBT /	W j�t�.
With the properties of the above Wiener process, Eq. �7�
basically holds with the single particle diffusion coefficient
D=Dsp�kBT /	, and ∀�D��=D for Eq. �7�. Interactions be-
tween the particles are expected to change the value for D. In
particular, due to the translational-rotational coupling, the
self-diffusion becomes anisotropic in the presence of a mag-
netic field, i.e., D���D and D�Dsp, if both mechanisms are
active.

If the magnetic field is oriented in the z direction, the
diffusion coefficients parallel and perpendicular to the ap-
plied field are defined by

D� = Dzz, D� =
1

2
�Dxx + Dyy� . �8�

The average self-diffusion coefficient is given by D̄= �D�

+2D�� /3. The above model leads to diffusion coefficients
which depend, in particular, independently on concentration
�, Langevin parameter h, and the interaction strength �.

Unfortunately, the Langevin Eqs. �5� and �6� cannot be
solved in the closed form in general. These equations can be
integrated numerically, however, via Brownian dynamics
which permits to evaluate Eq. �7�, as will be described in
Sec. II D. In order to improve the statistics, it is common to
average Eq. �7� over all particles. Further, we consider in
Sec. III a simplified, mean-field model, that allows us to
calculate the effective diffusion coefficients analytically.

C. Coefficients of gradient diffusion

The self-diffusion coefficients D� defined in Eq. �7� de-
scribing the dynamics of tagged particles must not be con-
fused with the gradient �or chemical� diffusion coefficient
D�

� . The latter is defined by

j� = − D�
� �� , �9�

where j� are the Cartesian components of the diffusion cur-
rent and � the mass density �14,15�.

A simple relation between the self-diffusion and gradient-
diffusion coefficients exists in nonmagnetic fluids if the cross
correlations between the velocity of different particles are
negligible �14�. In that case, it can be shown that the diffu-
sion coefficients are related by the so-called Darken equation
D�=KD, with the dimensionless coefficient K=nkBT / �̃T, n
=N /V, and �̃T is the isothermal compressibility �14�. The
quantity D� /K is sometimes called “corrected” gradient-
diffusion coefficient. For some systems, the validity of the
Darken equation could be established �e.g., see �15–17��.
From the Darken equation it is obvious that D and D� show
different dependencies on the concentration since the coeffi-
cient K is concentration dependent. In magnetic fluids, the
applicability of the Darken equation is even more question-
able. In this case, local concentration gradients lead to gra-
dients in the local magnetic field that give rise to pondero-
motive forces that influence the diffusion properties.

In principle, gradient-diffusion coefficients D� may be
extracted from the mean-square displacement of the center of
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mass position �14�, in analogy to Eq. �7�. For the special case
of Brownian dynamics without hydrodynamic interactions,
however, the thus-defined gradient-diffusion coefficient re-
duces to the single particle diffusion coefficient since the
interparticle interactions preserve the center of mass momen-
tum. Therefore, we focus on the self-diffusion coefficient in
the present study, but will also mention hints toward relation-
ships between these coefficients in Sec. III. Further, methods
for calculating the collective diffusivity �and, therefore, also
the gradient diffusivity from its short wavelength limit� from
suspension microstructure relaxation measurements during
Stokesian dynamics �18�, and the intermediate scattering
function evaluations during accelerated Stokesian dynamics
�15� simulations have been reported, and applied to noncol-
loidal hard sphere suspensions.

D. Numerical implementation

As reference length and time scales, we choose the par-
ticle core diameter dc and the time to diffuse the core diam-
eter �0=dc

2	 / �6kBT�. Defining dimensionless position vectors
r j

*=r j /dc and time t*= t /�0, the equations of motion �5� and
�6� can be written in dimensionless form,

dri
* = �1/	*�Fi

*dt* + �2/	*dWi
*, �10�

dui = ��1/	r
*�Ni

*dt* + �2/	r
*dWi

*� 
 ui. �11�

The dimensionless friction coefficients are defined by 	*

=dc
2	 / �kBT�0� and 	r

*=	r / �kBT�0�. In Eqs. �10� and �11�, the
dimensionless force Fi

*= �dc /kBT�Fi and torque Ni
*

=Ni / �kBT� have been used as well as the dimensionless
Wiener increment dW*=dW /��0. For the parameters inves-
tigated here, the shell thickness � of the polymeric layer is
small enough such that the diameter d entering the single
particle friction coefficients is well approximated by dc. For
the chosen time scale �0 we, therefore, have 	*=6 and 	r

*

=	* /3. The dimensionless control parameters entering the
model are the volume fraction �, Langevin parameter h, di-
polar interaction strength �, the strength of the steric repul-
sion Np, and the ratio of the thickness of polymeric shell over
the core diameter t=2� /dc. In order to minimize surface ef-
fects, periodic boundary conditions are applied. The long
range nature of the dipolar interactions is accounted for by
the reaction field method �19�. In this method, the dipolar
interactions for a pair of particles closer than a cutoff radius
rcut are calculated explicitly, while the effect of more remote
particles is estimated by continuum arguments �19�.

Equations �10� and �11� are integrated numerically with a
second order scheme preserving exactly the normalization of
the unit vectors u j. A weak first order scheme due to Ermak
�12,20� was used in order to integrate Eq. �10� numerically.
Several checks with a second order predictor-corrector
scheme �also termed stochastic Runge-Kutta method �20��
have been performed, leading to very similar results.

The time step of the numerical integration was chosen as
�t=5
10−4�0. Systems of N=10 976 particles are consid-
ered with different dipolar interaction strengths �
=0.25,… ,8 and volume fractions of �=0.01,… ,0.20. The

strength of the repulsive potential �4� was chosen as Np
=100 and Np=314. Since nearly identical results are ob-
tained for both values, we chose to present the results for
Np=100 only. A fixed ratio t=0.25 of twice the length of the
adsorbed molecules over the diameter of the magnetic core
was chosen. The cutoff radius was chosen as rcut=3dc for
��4 and rcut=5dc for ��4. Some simulations with a larger
values of rcut have been performed, showing very similar
results.

Starting from initial configurations with the particles on
regular lattice sites and random dipole orientations, the sys-
tem is evolved for 4
104 time steps in order to ensure that
the equilibrium state has been reached. A snapshot of a con-
figuration is shown in Fig. 1. The mean-square displacement
of the particles is extracted for another 2.6
105 time steps.
The diffusion coefficients are extracted from linear fits to the
mean-square displacement according to Eq. �7�. In order to
provide better statistics, the evaluation of the mean-square
displacement is periodically repeated in intervals of T
=40�0. Figure 2 shows the resulting mean-square displace-
ment for �=0.05, �=4, and h=20. Several tests have been
performed where the mean-square displacement was accu-
mulated for the total simulation time. Negligible differences
within the numerical uncertainties for the resulting diffusion
coefficients are found, indicating that the long time limit has
indeed been reached.

III. SIMPLIFIED MEAN-FIELD MODELS

In order to find a common description of rheological and
dynamical properties, the application of the chain model �21�
to the anisotropic diffusion in ferrofluids has been proposed
in �6�. In the chain model �21�, dipolar interactions between
the ferromagnetic particles are approximately taken into ac-
count by considering a dilute solution of effective, ellipsoidal
particles that result from temporary or permanent agglomera-

FIG. 1. �Color online� Snapshots of the configurations after
equilibration. The volume fraction was chosen as �=0.02, dipolar
interaction parameter �=1. A magnetic field was applied in the
vertical direction. The dimensionless strength of the magnetic field
was chosen h=10.
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tion. The axis ratio Q of the ellipsoid is related to the dipolar
interaction strength �. In the noninteracting case �→0, one
recovers the original, spherical particles with Q=1. The
chain model has been applied successfully in order to de-
scribe viscous properties of nondilute ferrofluids �22�. Clus-
ter formation in general leads to a distribution of cluster sizes
�21�. Here, we restrict ourselves to interaction strengths that
are weak enough so that the size distribution is rather narrow.
In this case, the average over the size distribution can be
approximated by the value for the average cluster size. Let
D�

0 ,D�
0 denote the self-diffusion coefficients parallel and per-

pendicular to the axes of the cluster, respectively. For prolate
ellipsoidal particles one has D�

0�D�
0 , while the opposite sign

holds for oblate ellipsoidal particles. In �6� it is shown, under
the assumption of magnetic field-independent coefficients D�

0

and D�
0 , that the effective diffusion coefficients parallel and

perpendicular to the field are given by

D��h� = D̄ +
2

3
cDspL2�h� , �12�

D��h� = D̄ −
1

3
cDspL2�h� . �13�

In Eqs. �12� and �13�, the relative difference c= �D�
0

−D�
0 � /Dsp, the Langevin function L1�h��coth�h�−1/h, and

L2�h�=1−3L1�h� /h have been introduced. Within this
model, the average diffusion coefficient is given by the value
for the cluster

D̄ =
D�

0 + 2D�
0

3
. �14�

Both functions L1�h� and L2�h� monotonically increase with
h, vanish at h=0, and asymptotically reach unity for large h.
Equations �12�–�14� have been derived originally for the
�corrected� gradient-diffusion coefficient. Since in the mean-
field model �6�, the velocities of different particles are as-
sumed to be uncorrelated, the Darken equation holds and
Eqs. �12�–�14� apply also for the self-diffusion coefficient.

This result can also be obtained directly by calculating the
mean-square displacement from the Fokker-Planck equation.
Note, however, that in the case of gradient diffusion, extra
contributions to the diffusion coefficients appear due to the
spatially inhomogeneous local magnetic field and concentra-
tion. Within the mean-field model �6�, these contributions
modify the coefficient c in Eqs. �12� and �13� which then
depends explicitly on the magnetic field, concentration, and
dipolar interaction strength.

It is interesting to note that Eqs. �12� and �13� are very
similar to the corresponding results obtained by Morozov �4�
for the parallel and perpendicular gradient-diffusion coeffi-
cients. In �6� as well as in �4�, the average diffusion coeffi-

cient D̄ is predicted to be independent of the magnetic field
strength, but still depends on � and �. Within the mean-field
model �6�, any concentration dependence enters through the
shape of the cluster, more specifically, the “body-fixed” dif-
fusion coefficients D�

0 and D�
0 . A nonzero magnetic field

comes together with anisotropic diffusion, quantified through
the difference between D��h� and D��h� which, by construc-
tion, must vanish in the absence of symmetry imposed by the
external field. The model, Eqs. �12�–�14�, allows us to dis-
cuss the effect of the shape of clusters on the sign of D��h�
−D��h�.

IV. SIMULATION RESULTS

With the expectations of the foregoing section at hand, let
us proceed with presenting simulation results of the model
described in Sec. II. The results are obtained via Brownian
dynamics simulation as was already described in Sec. II D.

Figure 3 shows the average self-diffusion coefficient D̄,
obtained via Eq. �7� as a function of the volume fraction �.

Without an applied magnetic field, D̄ decreases linearly with
� within the range of parameters investigated here. A linear
decrease of the average gradient diffusion coefficient with �
was predicted by Morozov �4�. For weak dipolar interactions

��2, the average diffusion coefficient D̄ for h=0 and h

FIG. 2. The Cartesian components of the mean-square displace-
ment ���r��2� /dc

2 as a function of reduced time. The upper two sets
of data correspond to perpendicular displacements, while the lower
one corresponds to parallel displacements with respect to the mag-
netic field. The volume fraction �=0.05, dipolar interaction param-
eter �=4, and Langevin parameter h=20 have been chosen.

FIG. 3. The normalized average diffusion coefficient D̄ /Dsp as a
function of the volume fraction �. Circles and squares correspond
to Langevin parameters of h=0 and h=20, respectively. Solid,
open, and shaded symbols correspond to �=1.0, 2.0, and 4.0, re-
spectively. The dashed line is the prediction of Ref. �8� for dipolar
hard spheres.
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=20 is found to be almost identical. For stronger dipolar

interactions, �=4, D̄ decreases in the presence of a strong
magnetic field for small enough concentrations. For ��0.1,

within the error bars of the simulation, the same value for D̄
is found for h=0 and h=20. This result indicates that the
overall diffusion is hindered due to steric interactions be-
tween the particles. Dipolar interactions modify the average
diffusion coefficient significantly only if the interaction
strength is large enough. For further comparison, we in-
cluded in Fig. 3 also the prediction of the hydrodynamic
theory proposed in �8� for the case without the magnetic
field. The data are taken from Ref. �8�. Note, however, that
dipolar hard spheres were studied in �8� instead of the soft
repulsion �4� used here. Due to the steric interactions �4�, the
minimal distance of two particles is greater than the core
diameter dc. The equivalent hard core diameter dHS, intro-
duced in Sec. II is dHS�1.2dc for the present choice of pa-
rameters. Therefore, the effective dipolar interaction param-
eter �*, the dimensionless dipolar interaction energy of two
particles at contact, is reduced by a factor of �dc /dHS�3

�0.58. Thus, the results of �8� for �*=1.0 correspond
roughly to ��1.7. Although a slightly different system is
studied in the present study, Fig. 3 seems to suggest that the
diffusion is underpredicted in �8� in particular for higher vol-
ume fractions. The discrepancy becomes even larger if the
corresponding hydrodynamic volume fraction is considered.

Figure 4 shows the average diffusion coefficient as a func-
tion of the dipolar interaction strength �. In the absence of a

magnetic field, D̄ decreases only slightly with increasing �
for ��4, followed by a stronger decrease for ��4. The

presence of a strong magnetic field does not alter D̄ for weak
dipolar interactions, but leads to an even stronger decrease
for ��4. A quadratic fit to the data, motivated by the pre-
diction �4� for the gradient-diffusion coefficient, is shown by
the solid line in Fig. 4. The agreement with the numerical
data, however, is not as good as in Fig. 3. Also shown in Fig.
4 is the prediction of �8� for �=0.01 for vanishing magnetic
field. The dipolar interaction of parameter �8� has been mul-
tiplied by a factor �dHS/dc�3�1.7 in order to account for the

different short range potentials. Figure 4 indicates that the
dependence of the average diffusion coefficient on the dipo-
lar interaction parameter is weaker than predicted in �8�. The
difference becomes even more significant if higher volume
fractions are considered.

The average diffusion coefficient D̄ is shown in Fig. 5 as
a function of the Langevin parameter h. For moderate dipolar

interaction strengths ��2, D̄ is found to be independent of
h. This result is in agreement with the predictions of the
mean-field model presented in Sec. III. For the strongest di-
polar interaction studied, �=4, the average diffusion coeffi-

cient D̄ decreases with increasing h. This behavior is not
captured by the mean-field model.

The anisotropy ratio of the diffusion coefficients R��D�

−D�� / �D� +2D�� is shown in Fig. 6 as a function of the
Langevin parameter h. For moderate dipolar interaction
strengths, ��2, the simulation results are well described by
the relation R�L2�h� in accordance with the mean-field pre-
dictions �12� and �13�. For stronger dipolar interactions, �
=4, deviations from this behavior occur. It is interesting to
note that the simulation results show that D� �D�, i.e., the
diffusion perpendicular to the applied field is faster than in

FIG. 4. The normalized average diffusion coefficient D̄ /Dsp as a
function of the dipolar interaction strength � defined in Eq. �3�.
Circles and squares correspond to �=0.02 and �=0.05, solid and
open symbols to Langevin parameters of h=0 and h=20, respec-
tively. The dashed line is the prediction of Ref. �8� for dipolar hard
spheres.

FIG. 5. The normalized average diffusion coefficient D̄ /Dsp

= �D� +2D�� /3Dsp is shown as a function of the Langevin param-
eter h. Circles, diamonds, and squares correspond to volume frac-
tions of �=0.02, 0.03, and 0.05, respectively. Solid, open, and
shaded symbols correspond to �=1.0, 2.0, and 4.0, respectively.

FIG. 6. The anisotropy ratio R= �D� −D�� / �D� +2D�� of the dif-
fusion coefficients as a function of the Langevin parameter h. The
same symbols as in Fig. 5 are used. Solid lines are the predictions
of the mean-field model, Eqs. �12� and �13�.
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the parallel direction. This phenomenon is characteristic for
oblate particles, where the axis ratio Q�1 �23�. Within the
dynamical mean-field model �24�, it is shown that the effect
of weak dipolar interactions in moderately concentrated fer-
rofluids on dynamical properties like the nonequilibrium
magnetization and viscosity can approximately be described
by effective oblate ferromagnetic particles. Thus, the present
simulation results are consistent with these findings and the
corresponding simulation results for magnetic and viscous
properties �11�.

Figure 7 shows the relative change of the diffusion coef-
ficients �D�,��h�−D�0�� /D�0� as a function of L2�h�. As is
demonstrated in Fig. 7, the simulation results are nicely de-
scribed by a linear relation D�,��L2 as predicted by the
mean-field model. The agreement is better for small concen-
trations where dipolar interactions and, therefore, cluster for-
mation is weak. Note, however, that the slopes of the curves
differ by more than a factor of two. Therefore, this feature is
not captured correctly by the mean-field model �12� and �13�.

Finally, Fig. 8 shows the dependence of the relative
change of the diffusion coefficients �D�,��h�−D�0�� /D�0� on
the dipolar interaction strength �. A strong magnetic field of
h=20 is applied. The volume fraction is chosen as �=0.02
and �=0.05. From Fig. 8 we observe that D��h� /D�0� is
monotonically decreasing with increasing �. The perpendicu-
lar diffusion coefficient is slightly increasing for ��4 and
decreases for larger values of �.

In order to better interpret the present results, the micro-
structure of the fluid is investigated by performing a cluster
analysis. Similar to previous studies �25�, agglomerates are
defined by an energy criterion. In particular, we follow Ref.
�25� and consider two particles to be bound if their dipolar
interaction energy is less than Vbond=−1.5�*kBT. This corre-
sponds to 75% of the contact energy of two coaligned di-
poles. The average cluster size is defined by

Sav =��
s

sns

�
s

ns � , �15�

where ns is the number of clusters of size s. Figure 9 shows
Sav as a function of the Langevin parameter h. From Fig. 9
we observe that for ��4, very few cluster formations occur
and the magnetic field shows very little effect on Sav. For
�=8, cluster formation is more pronounced, with Sav increas-
ing with increasing h. However, even for this value, Sav does
not exceed 1.5 for the present choice of parameters. This
result is not in contradiction to �25� where significant cluster
formation was observed for �=8 since a different repulsive
potential was used in the latter study. Indeed, the effective
dipolar interaction parameter �* corresponding to �=8 is
�*�7.9 for the potential used in �25�, but only �*�4.6 for
the present study.

V. CONCLUSIONS

Systematic Brownian dynamics simulations of a model
ferrofluid in the presence of an applied magnetic field have

FIG. 7. The normalized diffusion coefficients �D�,��h�
−D�0�� /D�0� as a function of the orientational order parameter L2

defined in the text. The dipolar interaction parameter was chosen as
�=2. Circles, diamonds, and squares correspond to volume frac-
tions of �=0.02, 0.03, and 0.05, respectively. Full symbols corre-
spond to parallel diffusion coefficients; open symbols to perpen-
dicular diffusion coefficients. Solid and dashed lines are the result
of a linear fit.

FIG. 8. The normalized diffusion coefficients �D�,��h�
−D�0�� /D�0� for h=20 as a function of the dipolar interaction pa-
rameter � defined in Eq. �3�. Circles and squares correspond to
volume fractions of �=0.02 and 0.05, respectively. Full symbols
correspond to parallel diffusion coefficients; open symbols to per-
pendicular diffusion coefficients.

FIG. 9. The average cluster size Sav, defined in Eq. �15�, as a
function of the Langevin parameter h for �=0.05. Solid, open, and
shaded circles correspond to �=1, 2, and 4, respectively, while solid
squares correspond to �=8.
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been carried out. The average self-diffusion coefficient is
found to decrease with increasing concentration and dipolar
interaction strength, but to be independent of the magnetic
field strength. These results are in agreement with the pre-
dictions of a simplified mean-field model �6�. In the presence
of a magnetic field, anisotropic self-diffusion is observed and
the dependence of the parallel and perpendicular diffusion
coefficients on the strength of the applied field, the particle
concentration, and the dipolar interaction strength is studied.
For moderate concentrations and interaction strengths, the
diffusion coefficients are found to scale as D�,��L2�h�,
where h is the Langevin parameter. Interestingly, we find
D� �D�, which corresponds to effective oblate particles.
This finding is in agreement with mean-field predictions �24�
on the rheological properties of the model ferrofluid in the
weakly interacting regime. Our results in Fig. 9, as well as in
previous computer simulation studies �25,26� on very similar
model systems have shown that significant cluster formation
starts only for higher dipolar interaction strengths �*�8.
Thus, one might expect a crossover to a regime with D�

�D� which is typical for the diffusion of chainlike aggre-

gates at those interaction strengths. Diffusion coefficients for
solutions of semiflexible chains have been discussed, e.g., in
�27�.

Experimental studies on dilute, weakly interacting ferro-
fluids would be extremely interesting in order to compare the
results to those of the present study. On the other hand, fur-
ther simulations should be carried out in order to investigate
the effect of hydrodynamic interactions on the coefficients of
self-diffusion. From these simulations also, the gradient-
diffusion coefficients can be obtained. Research in that direc-
tion is currently under way.
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